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FUNCTIONALLY COUNTABLE SUBALGEBRAS AND SOME 
PROPERTIES OF BANASCHEWSKI COMPACTIFICATION 

ALIREZA OLFATI 


Abstract. Let A be a zero-dimensional space and C'c(A) be the set of all 
continuous real valued functions on X with countable image. In this article 
we denote by C^{X) (resp., Ct{X)) the set of all functions in Cc{X) with 
compact (resp., pseudocompact) support. First, we observe that (X) = 
(resp., Ct{X) = This implies that for an N-compact 

space A, the intersection of all free maximal ideals in Cc(A) equals to C^(A), 
i.e., = C^{X). Afterwards, by applying methods of functionally 

countable subalgebras, we observe some results in remainder of Banaschewski 
compactification. It is shown that for a zero-dimensional non pseudocompact 
space A, the set 0qX\vqX has cardinality at least 2^ ° . Moreover, for a locally 
compact and N-compact space A, the remainder /3oA\A is an almost P-space. 
These results leads us to find a class of Parovicenko spaces in Banaschewski 
compactification of a non pseudocompact zero-dimensional space. We conclude 
with a theorem which gives a lower bound for the cellularity of subspaces 
PqX \ vqX and /SqX \ A, whenever A is a zero-dimensional, locally compact 
space which is not pseudocompact. 


1. Preliminaries 

We recall that a zero-dimensional topological space is a Hausdorff space with a 
base consisting of clopen sets. Mrowka showed that X is zero-dimensional if and 
only if it can be embedded into the product space where N is the set of natural 
numbers with discrete topology and n an arbitrary cardinal number. 

We also recall that a topological space X is N-compact if it can be embedded as 
a closed subset of the product space N'^, for some cardinal number see 
[laiiiiin] for more details on this subject. 

For every zero-dimensional space X, there exists an N-compact space vqX such 
that X is dense in it and every continuous function f : X ^ Y, with Y an N- 
compact space, has a unique extension /* : vqX Y. We can replace an arbitrary 
N-compact space Y by the fixed discrete space Z (the set of integer numbers) 
and have the following characterization of N-compactification of a zero-dimensional 
space, see [HI 5.4 (d)]. 

Theorem 1.1. An N-compact extension T of a zero-dimensional space X is home- 
omorphic to vqX if and only if for each continuous function / : A —>■ Z, there exists 
F : T —>■ Z such that F\x = f ■ 
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We remind that a Tychonoff space X is strongly zero-dimensional if and only 
if every two disjoint zero-sets in X are separated by a clopen partition. It is 
well known that every strongly zero-dimensional real compact space is N-compact. 
Since every countable subset of K (the set of real numbers) is Lindeloff and zero¬ 
dimensional, it should be strongly zero-dimensional. This fact implies that every 
countable subset of K is N-compact. So we have the following lemma. 

Lemma 1.2. Let X be a zero-dimensional Hausdorff space. For each continuous 
function / : X —>■ R with countable image, there exists an extension /* : vqX R 
such that the image of f* equals to the image of /. 

For an arbitrary Tychonoff space X, we denote by C'c(X) the set of all contin¬ 
uous real valued functions on X with countable image. The set C'c(X) forms a 
subring with pointwise addition and multiplication. Ghadermazi, Karamzadeh and 
Namdari showed in [S] that for a Tychonoff space X there exists a zero-dimensional 
space Y such that C'c(X) = Cc{Y) as a ring isomorphism. Motivated by this fact, 
in the present article we restrict our attension to zero-dimensional spaces. The 
reader could find all prerequisites and unfamiliar notions for this subring in [^. 

For a zero-dimensional space X, let /3o-^ denote its Banaschewski compactifica- 
tion. We recall that PqX is the unique (up to homeomorphism) zero-dimensional 
compact space containing X as a dense subset such that every continuous two¬ 
valued function / : X —>• {0,1} has an extension to l3oX, see [TH 4.7, Corollary 
(f)]. It was shown that X is strongly zero-dimensional if and only if /?oX is home- 
omorphic to /3X, i.e., /3X is zero-dimensional, see [2]. 

Dowker gave an example of a zero-dimensional space X in which /3X is not zero¬ 
dimensional and hence /3X ^ PqX, see [H exercise 4V]. The structure of /IqX is 
related to the clopen ultrafilters defined on X. Indeed PqX is homeomorphic to 
the set of all clopen ultrafilters equipped with the stone topology, see [El 4.7]. In 
m exercise 5E], it was also given an outline for recovering vqX as a subspace of 
all clopen ultrafilters on X which have countable intersection property. Therefore 
we have X C vqX C /JqX. Note that for p £ PqX \ vqX, there exists a sequence 
{14 : n S Nj of clopen neighborhoods of p in /3oX such that Ci^^iVn does not meet 
X. 

This article consists of two parts. In part one, by applying previous notions, we 
characterize some important ideals in C'c(X). It is shown that the set of all functions 
in C'c(X) with compact (resp., pseudocompact) support equals to the ideal 
(resp., It is shown that for an N-compact space X, the intersection 

of all free maximal ideals in C'c(X) equals to the ideal C^{X). In part two, we 
apply the subring Cc(X) and some related notions to find some information about 
/3oX. For example, we will give the least cardinality of the remainder /3oX \ vqX^ 
i.e., the set of all clopen ultrafilters on X which do not have countable intersection 
property. It is shown that for a non pseudocompact space X, there are at least 
2^ “ such clopen ultrafilters on X. We shall show that if X is locally compact and 
N-compact, then /3oX\X is an almost P-space, i.e., a space for which the interior of 
every zero-set is nonempty, see m and [5D] ■ We show that zero-sets of /3oX which 
do not meet X are Parovicenko spaces. In the end, it is shown that whenever X 
is zero-dimensional, locally compact which is not pseudocompact, the cellularity of 
the spaces /3oX \ vqX and /3oX \ X are at least 2^“. We close this section with the 
following two results which are useful in the rest of this article. 
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Lemma 1.3. (a) For a sequence {Un : n G N} of clopen subsets of X, there exists 
/ G Cc(X) such that Z{f) = 

(b) If / G Cc{X), then there exists a sequence {Wn : n G N} of clopen subsets of 
X such that Z{f) = 

Proof, (a) With out lose of generality, we could assume that Ui U 2 U^ - ■ ■ be 
a decreasing sequence of clopen sets of X. Now define 

00 ^ 

n—1 

where Xx\u„ characteristic function of the clopen set X\Un- It is easy to see 

that f{X) C {0} U : n G N U {0}}. Therefore / G Cc{X) and Z{f) = 

(b) Suppose that Z G Zc[X]. Consider 0 < f € C'dX) such that Z = Z{f). Choose 
a decreasing sequence ri > r 2 > ■ • ■ > r„ > • ■ • of real numbers which tends to zero 
and for each n G N, ^ fi^)- For each n G N, define Wn = Then for 

each n G N, Wn is clopen in X and Z{f) = (l^^iWn- So we are done. □ 

Corollary 1.4. Let X be a zero-dimensional space. For / G Cc{X) there exists 
F G CcWoX) such that Z(/) = Z{F) n X. 

Proof. By part (b) of Lemma Tl.31 there exists a sequence {Wn : n G N} of clopen 
subsets of X such that Z{f) = Cl'dLiWn. For each n G N, dp„xWn is a clopen 
subset in PqX. Part (a) of Lemma [1.31 implies that there exists F G Cc{X) such 
that Z{F) = nr=i dp,xWn. Clearly Z{f) = Z{F) nX. □ 

2. Characterisation of some special ideals in Cc{X). 

In the begining of this section we characterize maximal ideals of Cc{X). This 
characterization leads us to specify the ideal which consists of all functions in Cc{X) 
with compact (resp., pseudocompact) support. We remind that in [T] it is shown 
that the space of maximal ideals of Cc{X) is isomorphic to PqX. But we need to 
settle the internal characterization of maximal ideals of Cc{X). In the following 
we could observe the counterpart of Gelfand-Kolmogoroff theorem in rings of con¬ 
tinuous functions. First, we need a lemma which is essential for characterizing all 
maximal ideals of this subring. 

Lemma 2.1. Let X be zero-dimensional. For each two f,g G Cc{X) we have 

dpaX {Z{f) n Z{g)) = dpaxZ{f) C dp^xZ{g). 

Proof. Case 1. Suppose Z{f) n Z{g) = 0. There exists h G Cc(X) such that 
Z{f) = Z{h) and Z{g) = /i“^(I). Choose 0 < r < 1 such that r ^ h{X) and put 
U = h~^{—oo,r). The subset U is clopen in X, Z{f) CU and Z(g) C X\U. Note 
that X is two-embedded in PqX and this implies that dp^xU fl d^^xiX \ C/) = 0 
and then djs^ xZ{f) n dpoxZ{g) = 0. 

Case 2. Evidently {Z{f)r\Z{g)) C di3oxZ{f)ndi3oxZ{g). Forp G dpgxZ{f)n 
dpgxZ{g), assume that p does not belong to dp„x {Z{f) n Z{g)). There exists a 
clopen set U C jj^X such that p gU and U Ci^dpgX {Z{f) fl Z{g))) = 0. The subset 
V = 17 n X is clopen in X and also is the zero-set of the characteristic function 
i.e., Z{xx\v) — Then V fl Z{f) fl Z{g) = 0. By case I, we have 

dp,xiv n z{f)) n d 0 ,x{v n z{g)) = 0, 
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and hence p does not belong to at least one of them, say for example p ^ clpoxiV n 
Z{f)). Choose a neighborhood W of p such that W C\V C\ Z{f) = 0 and hence 
W CiU C\ Z{f) = 0. But hC n [7 is a neighborhood of p and must intersects Z{f). 
This is a contradiction and the proof is complete. □ 

Theorem 2.2. [Gelfand-Kolmogoroff] The Maximal ideals of Cc(X) are in one to 
one correspondence with the points of PqX and are given by 

MP = {feCa{X):pedp„xZ{f)}, 

for p G PqX. 

Proof. First we show that for eachp G l3oX, Mf is a maximal ideal. By Lemma[2T] 
one can verify that Mf forms an ideal. Suppose on the contrary that there exists 
a maximal ideal M which properly contains Mf. Therefore there exists f G M 
such that p ^ clpgxZ{f). Note that j3oX is zero-dimensional. Hence there exists 
a clopen subset U in ji^X such that p G U and U fl clp„xZ{f) = 0. The set 
y = 17 n is clopen in X and clearly p G dp^^xV. Since V is the zero-set of the 
characteristic function Xx\v ^ C^c(X), therefore Xx\v ^ ^c- Consider the function 
9 = Xx\v + P- Obviously Z{g) = ^(Xx\v) O Z{f) = Vn Z{f) = 0. Therefore M 
contains a unit of Cc{X) which implies that M = Cc{X). 

Now we must show that each maximal ideal M in Cc{X) has this form. By Lemma 
[O the set {dpgxZ^f) : f G M} is a family of closed subsets with the finite 
intersection property and since /3oX is compact, there exists p G Pl/eM ^hoxZ{f). 
Therefore M C Mf and hence M = Mf. □ 

Suppose that p G PqX. We define the set Of. as follows. 

Of = {f G CciX) : p G intpaxdpaxZ{f)}. 

One could observe that Of. forms an ideal of Cc{X) and the only maximal ideal 
containing Of is Mf. For p G PqX^ in the following we characterize the set Z\Of]. 
Note that in general, all bounded functions on X could not be extended to PqX. 
But the following proposition allows us to extend zero-sets of Of. 

Proposition 2.3. For each p G PqX, 

Z[Of] = {Z'nX:Z'G Z,[PoXIp G intp,xZ'}. 

Proof. Suppose that Z G Z[Of], i.e., p G intp^xdp„xZ . By Corollary 11.41 there 
exists Z' G ZclPoX] such that Z' f^X = Z. Clearly p G intp^xZ' . Hence Z belongs 
to the right hand side set. Now let Z' G ZclPoX] and p G intp^^xZ' . There exists a 
clopen set U C iSqX such that p GU G_ intp^xZ'. Therefore U Ci X C Z' Ci X and 
hence p G intp„xdpgx{Z' fl X). This implies that Z' C] X G Z[Ofj. □ 

We denote by Off [X), the set of all functions of Cc(X) with compact support. 
In the following we characterize the set {X) as an ideal of Cc{X). 

Theorem 2.4. For a zero-dimensional space X, Cf^{X) = Oc°^'^^■ 

Proof. Suppose that / G Cff{X). Then dx (X \ Z{f)) is compact and hence 
dpoX (X \ Z{f)) C X. By Corollary 11.41 there exists Z' G Zc[PoX] such that 
Z{f) = Z'nX. Therefore Xn(/3o7f\Z') = 7f\Z(/). Since X is dense and\ 
is open in /JqX, dp,x WoX \ Z') C X. Thus /3oX\XC /3oX \ dp,x {PoX \ Z') = 
intp^xZ'. Hence by Proposition 12.31 for all p G PqX \ X , Z' n X G ZdOf] and 
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therefore / e ■ For the reverse inclusion, suppose that / G . Then 

PqX \ ^ C intp^xclpoxZ{f). By Proposition 12.31 there exists Z' G ZdfioX] such 
that Z'nX = Z{f ) and I3qX\X C intp^xZ'. This implies that /3oX\inti3QxZ' C X. 
Since f3oX \ intp^xZ' = dp^xiPoX \ Z') C X and X \ Z{f) C fj^X \ Z\ clearly 
dx{X \ Z{f)) is compact and hence / G C^{X). □ 

The following two results are important for the rest of this section. We recall 
that a subset S' C X is Cc-embedded in X if for each / G Cc{S), there exists 
F G Cc{X) such that F\x = /• 

Proposition 2.5. If S C X is Cc-embedded in X, then it is separated by a clopen 
partition from every Z G Zc[X] disjoint from it. 

Proof. Suppose that h G Cc{X) and Sr\Z{h) = 0. Define /(s) = for all s G S. 
Let F G Cc{X) be such that F\s = f ■ Put k = hF. Clearly k G Cc{X) and 
A:|s = 1 and k\z(^h) = 0- It is enough to choose 0 < r < 1 such that r ^ k{X). Then 
U = k~^{—oo, r) is a clopen subset of X that Z{h) C U and S C X \ U. □ 

In the following we need to know about the existence of Cc-embedded subsets. 
Note that C-embedded subsets are not applicable for our purpose. Because we do 
not know anything about the cardinality of the image of the extension of a function 
with countable image. The following lemma gives us a condition for existing a 
Cc-subset in a zero-dimensional space. 

Lemma 2.6. Let X be zero-dimensional and / G Cc(X) carries a subset S C X 
homeomorphically to a closed subset f{S) C f{X). Then S is Cc-embedded in X. 

Proof. Suppose that /|s : S —>■ f{S) is a homeomorphism. Therefore f~^ : f{S) 

S is continuous. Consider g G Cc(S'). We observe that the composition gof~^ 
belongs to Cc{f{S)). The subset f{X) is countable and therefore normal. Hence 
gof~^ has an extension C to all of /(X). It is obvious to see that C G Cc(/(X)). 
The composition Co/ belongs to Cc(X). For s G S', we have Co/(s) = C(/(s)) = 
gof~^{f{s)) = g{s). Therefore Gof is the extension of 5 to X which has countable 
image. □ 

The previous lemma leads us to the following corollary. 

Corollary 2.7. For a zero-dimensional space X, let C C X. Suppose the function 
/i G Cc(X) is unbounded on E. Then E contains a copy of N, which is Cc-embedded 
in X and h approach to infinity on E. 

In the following, we adapt the original approach of Mandelker in m and [12] 
to functionally countabe subalgebras for characterizing the subset consisting of all 
functions in Cc(X) with pseudocompact support. We denote by Cf{X), the set 
of all functions in Cc(X) with pseudocompact support. We recall that a subset 
S' C X is relatively pseudocompact with respect to Cc(X), if for each / G Cc(X), 
the function /|s is bounded. We have the following equivalence for relatively pseu¬ 
docompact subsets with respect to Cc(X). 

Proposition 2.8. Let X be a zero-dimensional space. The set H C X is relatively 
pseudocompact with respect to Cc(X) if and only if dp^xA C vqX. 

Proof. For the necessity, suppose dpgxAri{l3oX\voX) ^ 0 and choosep G dp^xAf] 
(/3oX \ vqX). There exists a sequence {14 : G N} of clopen neighborhoods 
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of p in f3oX such that fl vqX = 0. By part (a) of Lemma fOl there 

exists F G CciPoX) such that Z{F) = Put / = F\x and define h = j. 

Clearly h G Cc{X) and since p is a limit point of A in PqXj h is unbounded on 
which is a contradiction. For the sufficiency, consider / G Cc{X). The extension 
G Cc{voX) is bounded on the compact subset dp^xA. Therefore / should be 
bounded on A. □ 

For continuing our progress, we need a proposition which is due to Pierce. The 
reader could find it in m Lemma 1.9.3]. 

Proposition 2.9. A zero-dimensional space X is not pseudocompact if and only 
if there exists a continuous and onto map / : A —>■ N. 

Theorem 2.10. If / G C'c(A) and X \ Z{f) is relatively pseudocompact with 
respect to C'c(A), then X \ Z{f) is pseudocompact. 

Proof. Suppose on the contrary that S = dxiX \ Z{f)) is not pseudocompact. 
Hence by Proposition 12.91 there exists h > 1 and h G Cc{S) that is unbounded on 
X\Z{f). By Corollary 12.71 there exists a countable discrete subset D Q X\Z{f) 
such that D is Cc-embedded in S and h is unbounded on D. Proposition l2.5l implies 
that there exists a clopen set O C S' such that D C O and Z(/) nS C S\0. Define 
the function k as follows. 



Pasting lemma implies that k is continuous on X. Clearly k G Cc{X) and A: > 0. 
Hence ^ is unbounded on D. Thus S is not relatively pseudocompact with respect 


to Cc(X), a contradiction. 


□ 


Theorem 2.11. Let A be a zero-dimensional space and / G C'c(A). If [3oX\voX C 
d/ 3 gxZ{f), then PqX \ voX C inti 3 gxdpgxZ{f ) 

Proof. Suppose that p G (3qX\vqX. There exists a sequence {Vn : n G N} of clopen 
neighborhoods of p in fi^X such that C vqX = 0. By part (a) of Lemma 

11.31 there exists h G CdPoX) such that Z{h) = Put T = PqX \Z{h). 

Consider the function on T. If Z{h) meets dp^ x{X \ Z{f)), then ^ which is 
continuous on T is unbounded on X \ Z{f). Hence by Corollary 12.71 there exists 
a countable closed set S' C A \ Z{f) which is Cc-embedded in T. Thus S is Cc- 
embedded in A and by Proposition 12.51 there exists a clopen set OCA such that 
SCO and Z{f) C A \ O. Therefore dp^xS fl dpgxZ{f) = 0. Since S is closed in 
T and also is noncompact, there exists p G dp^xS \ T. This implies that p G Z{h) 
and p ^ dpgxZ{f) which is a contradiction. Hence Z{h) fl dpg x{X\Z{f)) = 0 
and so Z{h) C PqX \ dpgx{X \ Z{f)) C dpgxZ{f). Therefore dpgxZ\f) is a 
neighborhood of p. □ 

Now we are ready to characterize another important ideal in C'c(A). We denote 
by Cf{X), the set of all functions in Oc(A) with pseudocompact support. 

Theorem 2.12. Let A be a zero-dimensional space. Then Cf{X) = = 

^0qX\vqX 
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Proof. By Theorem 12.111 the second equality is clear. Assume that / G Cf{X). 
Since S{f) = X \ Z{f) is pseudocompact and {v^X \ Z{f'^°)) ClX = X\Z{f), the 
subset vqX \ Z{f^°) is also pseudocompact. Note that = vqX \ Z{f^°) is a 

cozero-set of the real compact space vqX, and hence it should be realcompact, see 
B Corollary 8.14]. Therefore must be compact. We observe that 

PqX = cl0gxZ{f) U di3„xS{f) = clpgxZ{f) U 

and hence we have PqX \ vqX C clpgxZ{f). Thus / G ■ Now if / G 

QPaX\voX ^ there exists a compact set K such that 

/3oA \ uoA C/3oX\KC clp,xZ{f), 

and hence X \ Z{f) C /JqX \ clpgxZ{f) C AT C vgX. Since X \ Z{f) is rela¬ 
tively pseudocompact with respect to Cc{X), by Theorem l2.101 the set X \ Z{f) is 
pseudocompact. □ 

For an N-compact space, Theorem 12.41 and Theorem 12.121 imply the following 
corollary which says that in an N-compact space, C^{X) equals to that intersection 
of all free maximal ideals in Cc{X). 

Corollary 2.13. If X is an N-compact space, then Cf^{X) = ■ 

3. Remainder of Banaschewski compactification via C'c(A). 

In this section, first we want to find the least cardinality of the remainder 
PqX \ VqX. In other point of view, we show that for a zero-dimensional non pseu¬ 
docompact space X, we have at least 2^**“ clopen ultrafilters on X which do not 
have countable intersection property. In the rest of this section we observe that 
the remainder of the Banaschewski compactification of an N-compact space is an 
almost P-space and a connection between the remainder and Parovicenko spaces 
are given. Finally, for a zero-dimensional, locally compact space X which is not 
pseudocompact, we give a lower bound for the cellularity of spaces PoX \ vqX and 
PqX \ X. The following two lemmas are needed in the sequel. The second one is a 
consequence of Proposition 12.91 

Lemma 3.1. Each Cc-embedded subset S' of A is two-embedded. 

Proof. Let / : S ^ {0,1} be a continuous two-valued function, then / G Cc{X). 
Therefore there exists G G Cc{X) such that Gjs = /. The image of G is countable 
and there exists a real number 0 < r < 1 such that r ^ G{X). The subset 
U = G~^{oo,r) is clopen in X and /”^(0) C U and /”^(1) Q X\U. Define 
F : A —>■ {0,1} to be 0 on [/ and 1 on A \ D. The function F is continuous and 
two-valued whose restriction to S is /. □ 

Lemma 3.2. Let A be a zero-dimensional space. Then A is pseudocompact if and 
only if /3oA = uqA. 

Proof. For the necessity, suppose that A is pseudocompact and /3oA \ vqX ^ 0. 
For p G /3oA\uoA, there exists a countable set consisting of clopen neighborhoods 
of p, say {Un : n G N}, in fi^X with H vqX = 0. By part (a) of Lemma 

11.31 there exists a function / G CdPoX) such that Z{f) = CifdiUn. If we restrict 
/ to A, then for the function g = f\x G Gc(A), we have Z{g) = 0. Hence g is a 
unit of Cc{X). The function ^ belongs to Gc{X) and clearly g is unbounded on A 
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which is a contradiction. 

For the sufficiency, suppose that X is not pseudocompact. Hence by Proposition 
12.91 there exists a continuous and onto map / : X —>■ N. The function / has 
countable image and therefore has an extension to vqX. But vqX is compact and 
the extension of / is unbounded which is a contradiction. This completes the proof 
of our lemma. □ 

Now we are ready to present one of our main theorems in this section. This result 
is notable whenever we deal with zero-dimensional spaces which are not strongly 
zero-dimensional. 

Theorem 3.3. For a zero-dimensional space X, let / € Cc{PqX) and Z{f) flX = 
0. Then Z{f) contains a copy of /3N, the Stone-Cech compactification of N, and 
therefore its cardinality is at least 2^ °. 

Proof. Denote the restriction of / to X by g. So Z{g) = 0 and g belongs to 
Cc(X). This function has an inverse in C'c(X), say i. Obviously i is unbounded 
on X. Hence by Corollary 12.71 there exists a Cc-embedded copy of N in X on 
which the function ^ tends to infinity. Since N is Cc-embedded in X, by Lemma 
ixn it is also two-embedded in X and therefore two-embedded in PqX . Thus 
every continuous two-valued function on N is two-embedded in By the 

uniqueness theorem in the existence of Banaschewski compactification, clfjgX^ and 
/3oN are homeomorphic, and also we have \ N C Z{f). The discrete space 

N is strongly zero-dimensional and hence /3oN = cZ/j^xN = /3N. The cardinality of 
/3N equals to 2^^” and therefore |^(/)| > 2^*^“. □ 

Since each G^-point is a zero-set, Lemma ll.Sl and Theorem lS.BI implv the following 
corollary. 

Corollary 3.4. For a zero-dimensional space X, no point p G (3oX\X is a G^-point 
of/3oX. 

In the next result, by applying Theorem l3.3l we give the least cardinality of the 
remainder /3oX \ uqX, whenever X is zero-dimensional and non pseudocompact 
space. 

Proposition 3.5. Let X be a zero-dimensional and non pseudocompact space. 
The remainder PqX \ vqX has at least 2^ ° points. 

Proof. Since X is a zero-dimensional and non pseudocompact space. By Proposition 
12.91 there exists a continuous and onto function / : vqX —)> N. Therefore the 
function g = j is continuous whose image equals to the set {^ : n G N}. Note that 
the set {i : n G N} U {0} is zero-dimensional and compact. Hence by [191 4.7, 
proposition (d) ], g has a continuous extension G : PqX —>• {i : n G N} U {0}. For 
each n G N, choose Xn such that g{xn) = Each g~^{^) is clopen in vqX 

and hence the cluster points of the set {xn : n G N} is contained in PqX\vqX. If we 
consider a cluster point p of the set {xn '■ n G N}, then we observe that G{p) = 0. 
Therefore G G CdPoX) and Z{G) ^ 0. Since Z{G)rivoX = 0, Theorem l3.3l implies 
that \Z{G)\ > 2^ °. Thus the cardinality of /3oX \ vqX is at least 2^ °. □ 

We recall that the local weight of the space X at a point p, denoted x(p, X) or 
x{p)^ is the least cardinal equal to the cardinal number of a (filter) base for the 
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neighborhoods of p. By Proposition l3.51 for a zero-dimensional non pseudocompact 
space X, we have the following corollary. 

Corollary 3.6. Let X be a zero-dimensional and non pseudocompact space. Then; 

(a) If p S PqX \ vqX, then {p} is not a zero-set of fi^X \ vqX] 

(b) (ioX \ VqX has no isolated point; 

(c) The local weight of (3oX \ v^X at each of its points is uncountable. 

Proof, (a) If p is a zero-set of PqX \ vqX, there exists a sequence {?7„ : n G N} of 
clopen neighborhoods of p in PqX such that {p} = {(XfLiUn) H {PoX \ vqX). Also 
there exists a sequence {Vn : n G N} of clopen neighborhoods of p in PqX such that 
n VqX = 0. Hence {p} = (n'ffLiUn) H Part (a) of Lemma fOl 

implies that there exists / G Cc{(3oX) such that {p} = Z{f). But this contradicts 
with Proposition 13.51 

(b) Since each isolated point is a zero-set, clearly part (a) implies part (b). 

(c) If for some p the locall weight at p is countable, then p is a G^-point and hence 

a zero-set of fioX \ vqX, which contradicts with part (a). □ 

We recall that a topological space is scattered if each of its nonempty subsets 
has an isolated point with the relative topology. Lemma 15^ together with part (b) 
of Corollarv l3.61 imply the following corollary. 

Corollary 3.7. For a zero-dimensional space X, if PqX is scattered then X is 
pseudocompact. 

In the following, we observe some results about connection between Banaschewski 
compactification and almost P-spaces. We recall that a topological space X is an 
almost P-space if each nonempty G^-subset of X has nonempty interior, see [TO] 
and [20]. 

Proposition 3.8. fioX is an almost P-space if and only if X is pseudocompact 
and an almost P-space. 

Proof. For the necessity, suppose that (i^X is an almost P-space and X is not 
pseudocompact. For p G PqX \ vqX, there exist a sequence of countable clopen 
subsets of X, say {P„ : n G N}, such that = 0 and for each n G N, 

P G clpgxUn- Note that for each n G N, dfs^xUn is a clopen subset of fi^X. 
Hence G = (XfLiclpgxUn is a G^-subset in fi^X. By our hypothesis, intp^xG ^ 0. 
Therefore G must intersects X. But Gfl A" = (Xi=iUn = 0, which is a contradiction. 
Now we show that X is an almost P-space. For a nonempty G^-set G, there exists a 
sequence {Vn : n G N} of open subsets of X such that G = Forp G G, there 

exists a sequence of clopen sets {0„ : n G N} such that for each n G N, p G 0„ C Vn- 
For each n G N, dp^xOn is clopen in fioX and p & T = (dpoxOn)- So there 

exists a nonempty open set V in such that V QT. The set V {^X is nonempty 
and is contained entirely in Ci'ffLiOn Q G. Therefore X is an almost P-space. 

For the sufficiency, let P be a nonempty G^-subset of PqX. There exist a sequence 
[Vn : n G N} of clopen subsets of /3oX and p € H such that p G C H. 

For each n G N, 14, D X is clopen in X and the collection H = {14 H AT : n G N} 
has finite intersection property. Since PqX = vqX, H is contained in a clopen 
ultrafilter with countable intersection property. Hence H^i H AT) is nonempty 
and therefore a G^-subset of X. So there exists a neighborhood O in PqX such that 
O n X C n^^Li {^ri n AT). By taking closure, we observe that O C n^iI4. Hence 
H has nonempty interior. □ 
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In the following theorem, we introduce a class of almost P-spaces in connection 
with Banaschewski compactification of locally compact and N-compact spaces. 

Theorem 3.9. Let X be a locally compact and N-compact space. Then PqX \ X 
is an almost P-space. 

Proof. Let G be a nonempty G^-set in PqX \ X and p &G. There exists a sequence 
of open sets in PqX, say {Vn : n G N}, such that G = (fl^i ^n) H {/3oX \ X). Also 
there exists a sequence of clopen sets {P„ : n G N} of A" such that Un = % 
and p G n^i clpgxUn- Note that the G^-set fl^i cl^^xUn is a subset of PoX\X. 
Obviously H = (fl^i clpoxUn) O (fl^i ^n) is a G^-subset of PoX and p G H C 
PqX \ X. One could find a sequence of clopen subsets of PqX, say {0„ : n G N}, 
such that p G nr=iO„ C H. By part (a) of Lemma [TT3l there exists F G Cc{PoX) 
such that Z{F) = On- Since X is locally compact, for each i G N, there exists 
an open set Wi G X such that dxWi is compact and for each x € Wi, F{x) < i. 
It is enough to show that the set {PoX \ -A) n dpgX (UieN ^0 ^ subset of Z{F). 

Consider t G {PqX \X) n dp^x (UieN^*)- Each neighborhood P of t in PqX 
intersects infinitely many WPs. To see this, assume that for a neighborhood P 
of t, there exists n G N such that for all m > n; P n Wm, = 0- This implies that 
t G dpfjx (Ur=i Each Wi has compact closure in X, and hence dp^x (UiLi 
is a compact subset of X which implies that t G X and this is a contradiction with 
the choice of t. Since each neighborhood P of t in PqX intersects infinitely many 
WiS, the function F must vanishes in t. Hence 

T = iPoX \ X) n {dp„x (U.eNlEO) C Z{F). 

It is easy to see that T is nonempty, open in PqX\X and T C G, which shows that 
G has nonempty interior. This completes the proof. □ 

Using Corollary 13.61 together with Theorem 13.91 we could find a class of spaces 
whose appearance is in Boolean algebras, see for example [1]. We recall that a com¬ 
pact zero-dimensional space X is called a Parovicenko space if it has the following 
properties: 

(a) X has no isolated points. 

(b) Nonempty G^-sets have nonempty interiors. 

(c) X is an P-space (i.e., for each / G G{X), the subsets pos{f) and neg{f) are 
completely separated). 

The following proposition gives us a large class of Parovicenko spaces in Ba¬ 
naschewski compactification of a non pseudocompact zero-dimensional space. 

Proposition 3.10. Let Z be a zero-set of PqX such that Z n X = 0. Then Z is a 
Parovicenko space. 

Proof. Evidently Z is compact and zero-dimensional. Since Z is a G^-subset of 
PqX, W = PqX \ Z is cr-compact and therefore strongly zero-dinensional, see O 
16.17]. Thus PqW = PW. The space W is Lindelof and hence is N-compact. We 
could observe that Z = PqW \ IU = pW \ W. So by Theorem 13.91 Z must be 
an almost P-space. Also since W is locally compact and cr-compact, by Theorem 
14.27 of [6], Z is an P-space. Part (b) of Corollarv l3.61 implies that Z contains no 
isolated point. Hence Z must be a Parovicenko space. □ 

Let X be zero-dimensional, locally compact space which is not pseudocompact. 
We close this section by giving a lower bound for the cellularity of the subspaces 
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(3qX \ vqX and (SqX \ X. We recall that the cellularity of a space F, denoted 
by c{Y), is the smallest cardinal number k for which each pairwise disjoint family 
of nonempty open sets of Y has n or fewer members. Also we remind that for a 
zero-dimensional space X and a cardinal number k, a partition of X with length k 
is a family {Ui : i G 1} of pairwise disjoint clopen subsets of X whose union is X 
and |I| = K. Note that by Proposition 12.91 every zero-dimensional space which is 
not pseudocompact, has a partition with length Kq. The following theorem which 
is due to Tarski, is needed for our purpose, see [5]. 

Theorem 3.11. [Tarski] Let E be an infinite set. Then there is a collection 5R of 
subsets of E such that |5R| = \E\^°, |i?| = Hg for each i? G 5i and the intersection 
of any two distinct members of 5i is finite. 

Theorem 3.12. Let A be a zero-dimensional and locally compact space which 
is not pseudocompact. If X has a partition of length k, then the cellularity of 
subspaces PqX \ vqX and PqX \ X are at least 

Proof. We just prove that the cellularity of jS^X \ vqX is at least The second 
one can be derived similarly. Let {Ui : i G 1} be a partition of X with jlj = k. 
For each i G I, choose a nonempty clopen and compact subset Wi C Ui. Note that 
{clvgxUi : i G 1} is a partition of length k for vqX and for each i G I, dvgxWi = Wi 
is clopen in vqX. For each subset J C I, dehne 

A{J) = {/3oX \ voX) n [ dp„xi\J W,) 

\ i(^J 

We remind that since for each J C I, {Wi : i G J} is a locally finite family of 
clopen subsets of ugA, then Uigj is clopen in ugA (see [H Theorem 1.1.11]) 
and hence dpf^x(\Ji(zjWi) is clopen in /3gA. This implies that for each subset 
J C I, A{J) is clopen in /3gA \ ugA. It is clear that for each two subsets Ji, J2 
of I, A{Ji) n A{J 2 ) = A{Ji n J2)- For a subset J C I, we claim that A{J) = 0 if 
and only if J is finite. For, if J C I is finite, then dpgX (U^ej = Ui6 J Wi and 
hence A{J) = 0. For the converse, if J C I is infinite, then for each j G J, choose 
Xj G Wj. Clearly the subset B = {xj : j G J} is a closed and discrete subset of 
VqX. Since /3gA is compact, the subset B has a cluster point p in /3gA \ ugA. This 
implies that A{J) ^ 0. 

Now apply Theorem 13.121 to find a collection T of k^° infinite subsets of I such 
that any two members of T have finite intersection. Define T = {A(J) : J G T}. 
Evidently T contains k^° pairwise disjoint clopen subsets of PqX \ UgA. This 
implies that c{l3oX \ UgA) > k^°. □ 

By applying Proposition [511] and Theorem l3.12l the following corollary is imme¬ 
diate. 

Corollary 3.13. Let A be a zero-dimensional, locally compact space which is not 
pseudocompact. Then the cellularity of spaces /3gA\ugA and /3gA\ A are at least 
2 ^°. 
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